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We find families of HasseWeil L-functions with a zero of order at least two at
the central critical point.  1999 Academic Press
1. INTRODUCTION
Let E be an elliptic curve defined over Q with Weierstrass equation
y2=P(x),
where P(x)=x3+Ax+B.
A celebrated theorem of Mordell asserts that the rational points on E,
denoted by E(Q), are a finitely generated abelian group. Although the tor-
sion subgroup is relatively easy to compute, the rank of the MordellWeil
group, which we will call r(E), is more difficult to compute. No algorithm
is known to calculate r(E) in general. However, some progress has been
made in its study. In particular, the BirchSwinnertonDyer conjecture
predicts the equality between r(E) and the order of zero of the HasseWeil
L-function of E, denoted by L(E, s), at the critical point s=1. We will call
this order the analytic rank of E and denote it by ra(E).
For modular elliptic curves, i.e., parametrized by weight two cusp forms,
we now have the following deep result due to V. A. Kolyvagin [5].
Theorem 1. If E is modular and ra(E)1, then r(E)=ra(E).
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Among the set of all elliptic curves, there are families which have attracted
much attention, namely the quadratic twists. If D is a fundamental discrimi-
nant, then the D-quadratic twist of E is
ED : Dy2=P(x).
In this note we consider the following conjecture for ranks of such
quadratic twists.
Conjecture. Let E be an elliptic curve over Q.
(a) There are infinitely many primes p such that r(Ep)=0 or r(E&p)=0.
(b) There are infinitely many primes l such that r(El)>0 or r(E&l)>0.
There have been various works relating to (a) which use Theorem 1 (see
[4, 68]). In the direction of (a), K. Ono and C. Skinner (see [7, Cor. 2]).
They proved that for any elliptic curve EQ with conductor 100 a
positive proportion of primes satisfies the condition in (a), and their
general result almost certainly applies to all E.
In all of these results it is fundamental to assume the modularity of the
elliptic curve. In this case, the HasseWeil L-function of E is in fact the
L-function of a weight two cusp form f =n=1 an q
n and for the con-
gruence subgroup 10(N) where N is the conductor of E. Moreover, the
L-functions of the D-quadratic twists when (D, N)=1 satisfy L(ED , s)=
L( fD , s) where fD is the twisted newform fD=n=1 an/D(n) q
n. Here /D( } )
is the usual Kronecker character for Q(- D). In view of Theorem 1, one
may regard the conjecture as a study of the vanishing and non-vanishing
of the central critical values L( fD , 1) for prime discriminants D.
Although there are now solid results indicating that (a) is probably true,
(b) remains open. K. Ono proved in [6], assuming Bouniakowsky’s
conjecture (see [6] or [9]), that for certain families of elliptic curves there
are infinitely many prime quadratic twists with positive rank. More
generally, F. Gouve^a and B. Mazur [1] have proved that at least X12&=
many square-free |D|X provide twists with ra(ED)2 and even. More
recently, C. L. Stewart and J. Top in [10] proved that at least X17(log X)2
many square-free D-quadratic twists with |D|X elliptic curves have
r(ED)2.
Here we prove a quantitative result concerning part (b) of the conjecture
using a strategy similar to those of Gouve^a and Mazur and of Stewart and
Top. In particular, let us say that a number D # Z is Pr if it has at most
r prime factors counting multiplicity. In the direction of (a), J. Hoffstein
and W. Luo [4] showed that if E is modular, then there are infinitely
many fundamental discriminants D=P4 such that L( fD , 1){0.
Here we fix notation. Let E be a modular elliptic curve with conductor
N, and let =E=\1 be the sign of the functional equation of L(E, s). We
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know that for (D, N)=1 the sign of the functional equation of L(ED , s) is
=ED==E/D(&N). In the direction of (b) we prove:
Theorem. Let Nr(T ) be the number of fundamental discriminants D=Pr
for which |D|T, =ED=1, and L(ED , 1)=0. Then
(1) If P(x) is irreducible over Q, N4(T )>>E T 13log T.
(2) If P(x)=(x&a) P2(x) and P2(x) is irreducible over Q, N7(T )
>>E T 13log T.
(3) If P(x)=(x&a)(x&b)(x&c), N10(T )>>E T 13log T.
Remark. If E is a modular elliptic curve, then we shall call L(E, 1) a
nontrivial zero if ra(E)2 when the sign of the functional equation is +1
and if ra(E)3 when the sign of the functional equation is &1. The
theorem proved in this paper gives a quantitative estimate for the number
of quadratic twists of a modular elliptic curve E whose L-functions have a
non-trivial zero at the central critical point.
In order to get positive sign in the functional equation, we will choose
polynomial fundamental discriminants D in certain arithmetic progressions.
Then we will apply a sieve theorem to limit the number of prime factors
on D.
2. PROOF OF THE THEOREM
Let M be the positive integer M=24N. Changing the model of the
elliptic curve by (x, y)  (x(CM)2, y(CM)3), for any C # Z, does not
affect the factorization of P(x). So, we can consider A, B # Z to be divisible
by M by a suitable choice of C.
Let us consider ED where D=D(t) :=P(t) is squarefree. Clearly, the
point (t, 1) is on ED . Furthermore, in [1], the authors proved that for all
but finitely many t # Z such point is not a torsion point. Hence, ED has
positive rank and by the modularity of the quadratic twists and Theorem 1,
L(ED , 1)=0 for those integers t.
Consider the polynomial F(t)=D(1+=EMt). F(t) has the same factori-
zation as P(t) and since /D(1)(N)=1, we have =EF (n)=1 for all n>>n0
depending on E. Hence, for all but finitely many n such that F(n) is square-
free, the L-series of EF(n) vanishes at the critical point and has root number
+1. So, we need to give a lower bound of those F(n) being squarefree and
the corresponding r such that F(n)=Pr . We will use a sieve theorem over
polynomials.
333NON-TRIVIAL ZEROES OF L-FUNCTIONS
Lemma. Let F(n) be a polynomial of degree 3 with integer coefficients.
Let \(d ) denote the number of solutions of the congruence
F(m)#0 (mod d),
and suppose \( p)<p for all prime p. Then,
(1) If F(n) is irreducible over Q,
|[n : 1nX, F(n)=P4]|>>Xlog X.
(2) If F(n)=(n&a) F2(n) and F2(n) is irreducible over Q,
|[n : 1nX, F(n)=P7]>>Xlog X,
(3) If F(n)=K(n&a)(n&b)(n&c) for some rational K{0,
|[n : 1nX, F(n)=P10]|>>Xlog X,
for XX0=X0(F ). Moreover, if q(Pr) denotes the least prime factor of the
Pr counted on the left of the inequalities above, then there is a constant v>6
independent of F such that
q(Pr)X1v.
Proof. A proper application of a weighted sieve inequality allows us to
find integers a in a given sequence, without small prime factors pX 1v
and with very few moderately sized prime factors p=o(X 1&=) for some
=>0. For trivial reasons those integers aX have to be almost prime
integers.
Suppose F(n) is irreducible. Theorem 9.3 of [2] give us a lower bound
for the number of almost primes in a sequence A, bounding from below
the weighted sum W(A, P, v, u, *) defined in p. 243 of [2]. This sum essen-
tially counts the number of integers a # A with few small prime factors and
none X 1v, as we have mentioned above. Then, the lower bound is used
in Theorem 9.7 of [2] to give the result of our lemma in the irreducible
case.
The others cases in the lemma follow similarly using Lemma 10.1, and
Theorems 10.110.5 of [2].
To finish the proof of the theorem, we note that in our case \( p)3 for
any p5 and \(3)=\(2)=0. So, in order to prove the theorem we need
to bound the number of those Pr divisible by a square. However, we can
only have \( p2) Xp2 multiples of p2 among all the F(n). Hence, the result
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